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1. Introduction
















where ri, Ii, ei, rij , ci i  1, 2; j  1, 2	 are all positive constants.
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where u, v are the densities of the species U,V at time t, respectively. ri, ai, bi, ci, i  1, 2
are positive constants. He showed that system 1.2	 has a globally asymptotically stable
equilibrium point in the region u > 0, v > 0.
Both of the above-mentioned works are considered the continuous cases. However,
many authors 3–5 have argued that the discrete time models governed by diﬀerence
equations are more appropriate than the continuous ones when the populations have
nonoverlapping generations. Bai et al. 6 argued that the discrete case of cooperative system
is more appropriate, and they proposed the following system:



















On the other hand, as was pointed out byHuo and Li 7, ecosystem in the real world is
continuously disturbed by unpredictable forces which can result in changes in the biological
parameters such as survival rates. Practical interest in ecology is the question of whether or
not an ecosystem can withstand those unpredictable disturbances which persist for a finite
period of time. In the language of control variables, we call the disturbance functions as
control variables. During the last decade, many scholars did excellent works on the feedback
control ecosystems see 8–11 and the references cited therein	.
Chen 11 considered the permanence of the following nonautonomous discrete N-
species cooperation system with time delays and feedback controls of the form




1 − xik − τii	
aik	 
∑n
j1,j / i bijk	xj
(
k − τij







Δμik	  −αik	μik	  βik	xik	  γik	xik − σi	,
1.4	
where xik	 i  1, . . . , n	 is the density of cooperation species Xi, μik	 i  1, . . . , n	 is the
control variable 11 and the references cited therein	.
Motivated by the above question, we consider the following discrete n-species
Schoener competition system with time delays and feedback controls:

















Δμik	  −αik	μik	  βik	xik	  γik	xik − σi	,
1.5	
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where xik	 i  1, 2, . . . , n	 is the density of competitive species at kth generation; μik	 is the
control variable;Δ is the first-order forward diﬀerence operatorΔμik	  μik1	−μik	, i 
1, 2, . . . , n.
Throughout this paper, we assume the following.
H1	 αik	, βik	, γik	, aik	, bijk	, rik	, cik	, dik	, eik	, i  1, 2, . . . , n are all bounded
nonnegative sequence such that
0 < αli ≤ αui < 1, 0 < βli ≤ βui , 0 < γli ≤ γui , 0 < ali ≤ aui ,
0 < blij ≤ buij , 0 < rli ≤ rui , 0 < cli ≤ cui , 0 < dli ≤ dui , 0 < eli ≤ eui .
1.6	
Here, for any bounded sequence {ak	}, au  supk∈Nak	, al  infk∈Nak	.
H2	 τi, ηi, σi, i  1, . . . , n are all nonnegative integers.
Let τ  max{τi, ηi, σi, i  1, . . . , n}, we consider 1.5	 together with the following initial
conditions:
xiθ	  ϕiθ	, θ ∈ N−τ, 0  {−τ,−τ  1, . . . , 0}, ϕi0	 > 0,
μiθ	  φiθ	, θ ∈ N−τ, 0  {−τ,−τ  1, . . . , 0}, φi0	 > 0.
1.7	
It is not diﬃcult to see that solutions of 1.5	 and 1.7	 are well defined for all k ≥ 0 and satisfy
xik	 > 0, μik	 > 0 for k ∈ Z, i  1, 2, . . . , n. 1.8	
The aim of this paper is, by applying the comparison theorem of diﬀerence equation,
to obtain a set of suﬃcient conditions which guarantee the permanence of the system 1.5	.
2. Permanence
In this section, we establish a permanence result for system 1.5	.











supμik	 ≤ M, i  1, 2, . . . , n
2.1	
for any solution xk	  x1k	, . . . , xnk	, μ1k	, . . . , μnk		 of system 1.5	.
Now, let us consider the first-order diﬀerence equation
yk  1	  Ayk	  B, k  1, 2, . . . , 2.2	
where A,B are positive constants. Following Lemma 2.1 is a direct corollary of Theorem 6.2
of L. Wang and M. Q. Wang 12, page 125.
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Lemma 2.2. Assuming that |A| < 1, for any initial value y(0), there exists a unique solution y(k) of
2.2	 which can be expressed as follow:
yk	  Ak
(
y0	 − y∗)  y∗, 2.3	
where y∗  B/1 −A	. Thus, for any solution {yk	} of system 2.2	, one has
lim
k→∞
yk	  y∗. 2.4	
Following comparison theorem of diﬀerence equation is Theorem 2.1 of 12, page 241.
Lemma 2.3. Let k ∈ N
k0
 {k0, k0  1, . . . , k0  l, . . .}, r ≥ 0. For any fixed k, gk, r	 is a
nondecreasing function with respect to r, and for k ≥ k0, the following inequalities hold:
yk  1	 ≤ g(k, yk	),
uk  1	 ≥ gk, uk		.
2.5	
If yk0	 ≤ uk0	, then yk	 ≤ uk	 for all k ≥ k0.
Now let us consider the following single species discrete model:
Nk  1	  Nk	 exp{ak	 − bk	Nk	}, 2.6	
where {ak	} and {bk	} are strictly positive sequences of real numbers defined for k ∈ N 
{0, 1, 2, . . .} and 0 < al ≤ au, 0 < bl ≤ bu. Similarly to the proof of Propositions 1 and 3 13,
we can obtain the following.


















Proposition 2.5. Assume that H1	 and H2	 hold, then
lim
k→∞
supxik	 ≤ Mi, i  1, . . . , n,
lim
k→∞
supμik	 ≤ Qi, i  1, . . . , n,
2.9	


























Proof. Let xk	  x1k	, . . . , xnk	, μ1k	, . . . , μnk		 be any positive solution of system 1.5	,
from the ith equation of 1.5	, we have






Let xik	  exp{Nik	}, the inequality above is equivalent to
Nik  1	 −Nik	 ≤ rik	
ali
. 2.12	


































Substituting 2.15	 to the ith equation of 1.5	 leads to
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For any positive constant ε small enough, it follows from 2.17	 that there exists enough large
K0 such that
xik	 ≤ Mi  ε, i  1, . . . , n, ∀ k ≥ K0. 2.18	
From the n  ith equation of the system 1.5	 and 2.18	, we can obtain




Mi  ε	, 2.19	
for all k ≥ K0 max{σi, i  1, . . . , n.}. And so,










Mi  ε	, 2.20	
for all k ≥ K0max{σi, i  1, 2, . . . , n.}. Noticing that 0 < 1−αli < 1 i  1, 2, . . . , n	, by applying
























This completes the proof of Proposition 2.5.
Now we are in the position of stating the permanence of system 1.5	.












Qi > 0, i  1, 2, . . . , n, 2.23	
then system 1.5	 is permanent.
Proof. By applying Proposition 2.5, we see that to end the proof of Theorem 2.6, it is enough
to show that under the conditions of Theorem 2.6,
lim
k→∞
infxik	 ≥ mi, i  1, 2, . . . , n,
lim
k→∞
infμik	 ≥ qi, i  1, 2, . . . , n.
2.24	
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From Proposition 2.5, for all ε > 0, there exists a K1 > 0, K1 ∈ N, for all k > K1,
xik	 ≤ Mi  ε; μik	 ≤ Qi  ε, i  1, 2, . . . , n. 2.25	
From the ith equation of system 1.5	 and 2.25	, we have











) − cik	 − dik	  eik		Qi  ε	. 2.27	
Let xik	  exp{Nik	}, the inequality above is equivalent to
Nik  1	 −Nik	 ≥ Aεk	. 2.28	







) −Ni(j)) ≥ Aε	lτi, 2.29	
and so,











) − cui − (dui  eui )Qi  ε	. 2.31	
Therefore,
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Substituting 2.32	 to the ith equation of 1.5	 leads to





























for all k > K1  τ , where
Bεk	 
rik	







) − cik	 − dik	  eik		Qi  ε	. 2.34	
Condition 2.23	 shows that Lemma 2.4 could be apply to 2.33	, and so, by applying Lemmas

























) − cui − (dui  eui )Qi  ε	. 2.36	
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For any positive constant ε small enough, it follows from 2.37	 that there exists enough large
K2 such that
xik	 ≥ mi − ε, i  1, . . . , n, ∀ k ≥ K2. 2.39	
From the n  ith equation of the system 1.5	 and 2.39	, we can obtain




mi − ε	, 2.40	
for all k ≥ K2 max{σi, i  1, . . . , n}. And so,










mi − ε	, 2.41	
for all k ≥ K2max{σi, i  1, 2, . . . , n}. Noticing that 0 < 1−αui < 1 i  1, 2, . . . , n	, by applying
























This ends the proof of Theorem 2.6.
Now let us consider the following discrete N-species Schoener competition system
with time delays:













where xik	 i  1, . . . , n	 is the density of species Xi. Obviously, system 2.44	 is the
generalization of system 1.5	. From the previous proof, we can immediately obtain the
following theorem.






buijMj − cui > 0, i  1, 2, . . . , n, 2.45	
then system 2.44	 is permanent.
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